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We reveal the existence of a certain hidden symmetry in general ghost-free scalar-tensor theories
which can only be seen when generalizing the geometry of the spacetime from Riemannian. For this
purpose, we study scalar-tensor theories in the metric-affine (Palatini) formalism of gravity, which
we call scalar-metric-affine theories for short, where the metric and the connection are independent.
We show that the projective symmetry, a local symmetry under a shift of the connection, can
provide a ghost-free structure of scalar-metric-affine theories. The ghostly sector of the second-
order derivative of the scalar is absorbed into the projective gauge mode when the unitary gauge
can be imposed. Incidentally, the connection does not have the kinetic term in these theories and
then it is just an auxiliary field. We can thus (at least in principle) integrate the connection out
and obtain a form of scalar-tensor theories in the Riemannian geometry. The projective symmetry
then hides in the ghost-free scalar-tensor theories. As an explicit example, we show the relationship
between the quadratic order scalar-metric-affine theory and the quadratic U-degenerate theory. The
explicit correspondence between the metric-affine (Palatini) formalism and the metric one could be
also useful for analyzing phenomenology such as inflation.
I. INTRODUCTION
In the last decade, a great deal of attention has
been paid to scalar-tensor theories including second-order
derivatives of a scalar field in the Lagrangian for building
models of inflation and dark energy. The prototype the-
ory, called the Galileon, is motivated by the decoupling
limit of the Dvali-Gabadadze-Porrati model [1] where
the effect of the modification of gravity is effectively de-
scribed by a single scalar degree of freedom in addition to
the tensor ones [2]. The absence of an explicit UV com-
plete model of gravity motivates us to consider general
scalar-tensor theories as an effective field theory (EFT).
The standard guidance of EFT is to include all possible
terms consistent with the underlying (exact or approx-
imate) symmetry in the Lagrangian. However, in the
context of the modified gravity, ghost-free class of scalar-
tensor theories have been extensively discussed.
The second-order derivatives in the Lagrangian gener-
ally yield a fourth-order equation of motion which con-
tains an unstable mode called the Ostrogradsky ghost.
The Galileon interactions are so special that the equa-
tion of motion becomes second-order even though the La-
grangian contains second-order derivatives. The general-
ized Galileon, now dubbed as the Horndeski theory [3–7],
is the most general scalar-tensor theory with the equa-
tion of motion with at most second-order derivatives. Af-
ter the discovery of the Gleyzes-Langlois-Piazza-Vernizzi
(GLPV) theory [8, 9], it is recognized that the assump-
tion of keeping the second-order equation of motion is
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too strong for general Ostrogradsky ghost-free theories.
This led to the idea of degeneracy, in which a constraint
is imposed onto the Lagrangian and eliminates the Os-
trogradsky ghost. The degenerate higher order scalar-
tensor (DHOST) theory is a theory where higher deriva-
tive interactions are tuned to satisfy the degeneracy con-
ditions [10–15]. Furthermore, it is recently suggested
that the degeneracy conditions are not necessarily sat-
isfied in arbitrary gauge of the spacetime when assuming
appropriate boundary conditions [16]. The paper [16]
proposed a more general ghost-free scalar-tensor theory,
the U-degenerate theory, which satisfies the degeneracy
conditions at least in the unitary gauge1 in which uni-
form scalar field hypersurfaces correspond to constant
time hypersurfaces (see also [17, 18]).
Although a ghost mode can exist in a low energy EFT,
the existence of the ghost restricts the cutoff scale of EFT
to be lower than the mass of the ghost mode. There-
fore, the ghostly higher derivative terms provide just
sub-leading contributions within the regime of validity
of EFT. In order that the higher derivative interactions
provide leading contributions for inflation or dark energy
phenomena, the interactions have to be tuned to elimi-
nate the Ostrogradsky ghost. In a subset of ghost-free
theories, this ghost-free structure can be protected by
the weakly broken Galileon symmetry [19, 20]. On the
other hand, in the generic ghost-free theories, the fine-
tuned ghost-free structure seems not to be robust since
1 In the paper [16], U-degenerate theories and DHOST theories
are classified: U-degenerate theories are not degenerate in an ar-
bitrary gauge but degenerate in the unitary gauge while DHOST
theories are degenerate under any gauge. However, in the present
paper, we will just call theories “U-degenerate theories” if the La-
grangian is degenerate at least in the unitary gauge for simplicity.
2no underlying symmetry apparently exist. If there are
no robust structures, could they still be considered as
interesting theories of EFTs for inflation/dark energy?
In the present paper, we, however, point out that the
general ghost-free scalar-tensor theories indeed have a
hidden symmetry which can be seen only when generaliz-
ing the geometry of spacetime. Gravitational theories are
usually formulated in Riemannian geometry, where only
the metric is the independent object that characterize
the intrinsic structure of space-time geometry. The con-
nection in Riemannian geometry is called the Levi-Civita
connection which is calculated by the metric. Meanwhile,
the metric and the connection define different geometri-
cal concepts, the inner product and the parallel trans-
port, and thus they are independent in the first place.
Following this philosophy, one could consider a geometry
with the Riemannian metric and a general affine connec-
tion: metric-affine geometry. The metric-affine geome-
try becomes the Riemannian geometry when the metric-
compatibility condition and the torsionless condition are
imposed.
It is worthwhile mentioning that both metric-affine ge-
ometry and scalars could emerge from a more fundamen-
tal perspective. Scalars, such as dilatons, radions, axions,
scalarons, and sfermions, are known famously to appear
from extended theories of the standard model or certain
quantum gravity models. Whereas metric-affine geome-
try is expected to emerge from space-time defects [21, 22]
and Riemann-Cartan geometry, which is a subset of
metric-affine geometry, may come from Poincare gauge
theory [23] or Supergravity [24]. Thus, from such per-
spective scalar-tensor theories within metric-affine geom-
etry is a field worth investigating. From here and now on,
we shall call scalar-tensor theories constructed on metric-
affine geometry, scalar-metric-affine theories for short.
On the other hand, we will call scalar-tensor theories
based on Riemannian geometry, simply scalar-tensor the-
ories. We will show that the projective symmetry, a local
symmetry under a shift of the connection, can provide a
ghost-free structure of scalar-metric-affine theories. The
ghostly part of the second-order derivative of the scalar
could be taken into the gauge mode which means that the
connection plays the role of a “ghostbuster field” [25, 26].
Incidentally, the connection does not have a kinetic term
as long as higher curvature terms are not included and
then it is just an auxiliary field. We can thus (at least in
principle) integrate the connection out and obtain a form
of scalar-tensor theories [27]. The projective symmetry
then hides in the ghost-free scalar-tensor theories.
The rest of the present paper is organized as follows.
We briefly review metric-affine geometry and the formal-
ism of gravity based on it in Section II. The main result of
the present paper is shown in Section III where we con-
sider scalar-metric-affine theories without non-minimal
couplings to the curvature: the Lagrangian is given by
the Einstein-Hilbert Lagrangian plus an arbitrary func-
tion constructed by up to the second-order covariant
derivatives of a scalar field. We will show that this class of
theory is free from the Ostrogradsky ghost when the pro-
jective symmetry is imposed and the unitary gauge can
be assumed. More general scalar-metric-affine theories
with non-minimal coupling to the curvature are discussed
in Section IV and some ghost-free couplings are found.
We integrate the connection out and explicitly show the
relation between the quadratic order scalar-metric-affine
theory and the quadratic U-degenerate theory in Sec-
tion V. We make summary remarks in the last Section VI.
General Hamiltonian analysis of scalar-metric-affine the-
ories is discussed in Appendix A.
II. METRIC-AFFINE FORMALISM OF
GRAVITY
The intrinsic structure of the metric-affine geometry is
defined in terms of two independent objects: the Rieman-
nian metric gµν and the general affine connection Γ
µ
αβ .
The covariant derivatives for a vector and a co-vector
are defined by
Γ
∇αAµ = ∂αAµ + ΓµβαAβ , (2.1)
Γ
∇αAµ = ∂αAµ − ΓβµαAβ . (2.2)
The Riemann curvature tensor is then defined by
Γ
Rµναβ(Γ) := ∂αΓ
µ
νβ − ∂βΓµνα + ΓµσαΓσνβ − ΓµσβΓσνα .
(2.3)
Since the metric and the connection are independent, in
addition to the Riemann curvature tensor, there exist
non-vanishing tensors characterizing the geometry;
T µαβ := Γ
µ
βα − Γµαβ , (2.4)
Qµ
αβ :=
Γ
∇µgαβ , (2.5)
which are called the torsion tensor and the non-metricity
tensor, respectively. The Riemannian geometry, which
is usually used to formulate gravitational theories, is ob-
tained by imposing two constraints, T µαβ = 0, Qµ
αβ = 0,
under which the connection is then uniquely determined
to be the Levi-Civita connection as,
Γµαβ =
{
µ
αβ
}
:=
1
2
gµν(∂αgβν + ∂βgαν − ∂νgαβ) , (2.6)
and then the connection is no longer independent from
the metric. Thus, the only independent object in Rie-
mannian geometry becomes the metric.
The metric-affine formalism (also called Palatini for-
malism) of gravity assumes that the metric and the con-
nection are independent in the first place and gravita-
tional theories determine dynamics of not only the met-
ric but also the connection. Therefore, all of the intrinsic
3structure of spacetime geometry is determined by grav-
ity. On the other hand, the metric formalism a priori
assumes Riemannian geometry and gravitational theo-
ries determine the metric only; that is, gravity assumed
to be essentially represented by a symmetric tensor field.
Let us first consider the metric-affine counterpart of
the Einstein-Hilbert action
LEH =
M2pl
2
Γ
R(g,Γ) , (2.7)
where the Ricci scalar is defined by
Γ
R := gµν
Γ
Rαµαν . (2.8)
Note that the EH action in the metric-affine formalism
enjoys an additional gauge symmetry of
Γµαβ → Γµαβ + δµαUβ , (2.9)
with an arbitrary vector Uβ(x). The transformation
(2.9), called the projective transformation, preserves two
characteristics; the geodesic equation up to the redef-
inition of the affine parameter and the angle between
two vectors under parallel transport [28, 29]. The in-
variance/symmetry under (2.9) is dubbed the projective
invariance/symmetry. There are two facts that are worth
mentioning. First, projective symmetry only emerges in
metric-affine geometry, and not in its subsets such as
Riemann-Cartan geometry. Secondly, the particles of
the standard models are also known to inhibit projective
symmetry. Some properties of the projective invariance
at quantum level are discussed in [30–33].
In the case of vacuum, the equation of motion of the
connection yields
Γµαβ =
{
µ
αβ
}
. (2.10)
up to the gauge freedom associated with the projective
symmetry. Therefore, the connection does not introduce
any new dynamical degrees of freedom and (2.7) predicts
the same results obtained by the Einstein-Hilbert action
in the metric formalism [34–37].
In general, however, theories in the metric-affine for-
malism compute different results from their metric for-
malism counterpart. To discuss general theories, we in-
troduce the distortion tensor defined by
κµαβ := Γ
µ
αβ −
{
µ
αβ
}
, (2.11)
which expresses the deviations from Riemannian geom-
etry. The curvature tensor, the torsion tensor, and the
non-metricity tensor are then
Γ
Rµναβ(Γ) = R
µ
ναβ(g) + 2∇[ακµν|β] + 2κµσ[ακσν|β] ,
(2.12)
T µαβ = 2κ
µ
[βα] , (2.13)
Qαβµ = 2κ
(αβ)
µ , (2.14)
where Rµναβ and ∇µ are the Riemann curvature and the
covariant derivatives defined by the Levi-Civita connec-
tion, respectively. Since only the curvature contains the
derivative of κ and it is linear, kinetic terms of κ appear
when higher curvature terms are involved in Lagrangian.
Even if such higher curvature terms exist in a full the-
ory, one may ignore higher curvature corrections in a low
energy limit. In such case, the ”dynamics” of κ is deter-
mined by a constraint equation (at least in a low energy
limit) and then can be integrated out as with the case
of the Einstein-Hilbert action2. In this paper, we shall
focus on Lagrangian consisting of terms up to linear in
the curvature so that κ does not carry any new degrees
freedom. If the constraint yields κ 6= 0, such theory gives
a different theory from its metric formalism counterpart,
i.e., theory with setting κ = 0. For further discussion and
reviews of metric-affine gravity see for example [41–46].
III. GHOST-FREE SCALAR FIELD FROM
PROJECTIVE SYMMETRY
In this section, we assume the Einstein-Hilbert action
as the gravitational sector and consider a scalar field
whose Lagrangian is assumed to be constructed by up
to second-order covariant derivatives,
Lφ = Lφ(g, φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ) , (3.1)
where the covariant derivatives are
Γ
∇µφ = ∂µφ ,
Γ
∇µ
Γ
∇νφ = ∂µ∂νφ− Γανµ∂αφ . (3.2)
The total Lagrangian describing the present system is,
thus,
L(g,Γ, φ) = M
2
pl
2
Γ
R(g,Γ) + Lφ(g, φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ) .
(3.3)
Since the second-order derivative of φ contains the con-
nection and therefore κ as
Γ
∇µ
Γ
∇νφ = ∇µ∇νφ− κανµ∂αφ , (3.4)
the existence of
Γ
∇
Γ
∇φ in the Lagrangian changes the con-
straint equation of κ whose solution would be generally
given by κ = κ(g, φ,∇φ,∇2φ) (see [27] for an explicit so-
lution of the constraint in a scalar-metric-affine theory).
2 In special cases, κ is still non-dynamical even when higher curva-
ture terms are introduced in metric-affine gravity. For example,
metric-affine f(R) theories do not introduce new degrees of free-
dom unlike their metric formalism counterpart[35, 38–40].
4Substituting it into the Lagrangian, we obtain the form
of a scalar-tensor theory as
L(g, φ) = M
2
pl
2
R+ L′φ(g, φ,∇φ,∇2φ) . (3.5)
In general, (3.3) (or the equivalent Lagrangian (3.5))
must have second-order time derivatives of the scalar field
yielding the Ostrogradsky ghost mode. One way to ob-
tain Ostrogradsky ghost-free theories is that the second
time derivatives are tuned to satisfy the degeneracy con-
ditions. We do not assume such conditions; instead, we
assume the projective symmetry to absorb the ghostly
time derivatives into the gauge mode.
The EH action is invariant under the projective trans-
formation (2.9). Let us suppose that the scalar field La-
grangian also enjoys the projective symmetry. Since the
connection appears only in the covariant derivative of the
scalar field, the projective symmetry of Lφ is realized by
the invariance under
Γ
∇µ
Γ
∇νφ→
Γ
∇µ
Γ
∇νφ− Uµ∂νφ . (3.6)
To see the relation between this invariance and the
ghost-free property, we consider the 3+1 decomposition.
Introducing the unit normal vector nα to 3-dimensional
spacelike hypersurfaces and the projection tensor on the
hypersurfaces, defined by
γµν := gµν + nµnν , (3.7)
we first decompose the first derivative of φ into the tem-
poral part and the spatial parts,
A∗ := n
µAµ , Aˆµ := γ
ν
µAν (3.8)
with Aµ := ∂µφ. The second-order derivative is then
∇µ∇νφ = DµAˆν −A∗Kµν + 2n(µ(Kν)αAˆα −Dν)A∗)
+ nµnν(£nA∗ − Aˆαaα) (3.9)
where Dµ is the covariant derivative associated with the
spatial metric γµν , £n is the Lie derivative with respect
to nµ, aµ := n
α∇αnµ is the acceleration, N is the lapse
function, and Kµν :=
1
2£nγµν is the extrinsic curvature.
The existence of £nA∗, which contains the second time
derivative of φ and the first time derivative of N , in the
Lagrangian is a signature of the Ostrogradsky ghost.
The paper [16] argued that the original degeneracy
conditions obtained by [11] are too strong in order for
the theory to be free from the Ostrogradsky ghost. They
suggest that it is sufficient for the ghost-freeness to sat-
isfy the degeneracy condition at least in the unitary gauge
φ = φ(t). Note that in the unitary gauge, φ is not a dy-
namical variable. Even so, the degeneracy of £nA∗ yields
the Ostrogradsky ghost-free theory because A∗ = φ˙(t)/N
in the unitary gauge and then the disappearance of £nA∗
guarantees that the lapse function is still non-dynamical.
We assume that the unitary gauge can be consistently
chosen in theory (3.3). In the unitary gauge, the uniform
φ hypersurfaces correspond to the 3-dimensional hyper-
surfaces and then the unit normal vector is proportional
to ∂µφ. This leads to that the projective symmetry now
becomes the invariance under
Γ
∇µ
Γ
∇νφ→
Γ
∇µ
Γ
∇νφ+A∗Uµnν , (3.10)
for an arbitrary vector Uµ(x). Comparing with (3.9),
one can find that the term with £nA∗ in (3.9) is just the
projective mode. Hence, the projective symmetry of Lφ
guarantees that the scalar field Lagrangian does not have
£nA∗
3; that is, the Lagrangian is trivially U-degenerate.
As a result, the projective symmetry of Lφ guarantees
that (3.3) has no dependence on £nA∗ in the unitary
gauge,
Lφ(g, φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ) = Lφ(t, N, γµν ,Kµν , κ;Dµ) .
(3.11)
Note that the diffeomorphism invariance of (3.3) guaran-
tees that the Lagrangian has no explicit dependence on
the shift. Since the action (3.3) is algebraic in terms on
the distortion tensor κ, integrating out κ does not yield
£nA∗. Hence, the Lagrangian may be given by the form
L = L(t, N, γµν ,Kµν ;Dµ) , (3.12)
after integrating out κ. The remaining spatial diffeo-
morphism invariance and the fact that the correspond-
ing Hamiltonian to (3.12) is linear in N i give 6 first class
constraints which reduce 12 degrees of freedom from the
phase space. Furthermore, since (3.12) does not have N˙ ,
there is a primary constraint πN ≈ 0 whose time preser-
vation yields a secondary constraint. Since the tempo-
ral diffeomorphism invariance is broken due to the gauge
fixing, the constraints πN ≈ 0 and π˙N ≈ 0 are gener-
ally second class and then reduce 2 degrees of freedom.
Whether or not there exist further constraints in (3.12),
the number of constraints is sufficient to eliminate the Os-
trogradsky ghost. Therefore, we conclude that the pro-
jective invariant Lagrangian (3.3) has at most 3 degrees
of freedom and free from the Ostrogradsky ghost. Gen-
eral Hamiltonian analysis is discussed in Appendix A.
IV. NON-MINIMAL COUPLING TO
CURVATURE
We then consider non-minimal couplings to the cur-
vature tensor keeping the projective symmetry. When a
3 Alternatively, one can fix the projective gauge so that £nA∗ does
not appear in
Γ
∇µ
Γ
∇νφ.
5non-minimal coupling is introduced, we need to take care
of the fact that the curvature tensor has the first deriva-
tive of κ. For instance, the non-minimal coupling to the
Ricci scalar,
f1
Γ
R ⊃ 2f1∇ακ[αβ]β , (4.1)
where f1 is some function, can be rewritten, by taking
integration by parts, as
−2(∇αf1)κ[αβ]β .
Hence, even if f1 does not contain £nA∗, ∇αf1 may yield
it when f1 contains A∗ and then the ghost-free character-
istic of scalar-metric-affine theories with a non-minimal
coupling is not manifest.
Although whether projective invariant non-minimal
couplings are generally ghost-free or not is interesting
question, we only discuss some particular couplings to
curvature tensors which are definitely ghost-free 4.
A. Trivially U-degenerate couplings
We find that the following non-minimal couplings
f2
Γ
Gµν
Γ
∇µφ
Γ
∇νφ , f3
Γ
Gµανβ
Γ
∇µφ
Γ
∇νφ
Γ
∇α
Γ
∇βφ, (4.2)
do not lead to the Ostrogradsky ghost, where f2 and f3
are projective invariant functions of φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ, and
Γ
Gµναβ :=
1
4
ǫµνρσǫαβγδ
Γ
Rρσγδ , (4.3)
Γ
Gµν :=
Γ
Gµανα . (4.4)
are the dual Riemann tensor and the Einstein tensor,
respectively.
In the unitary gauge,
Γ
∇µφ ∝ nµ, the relevant compo-
nents of the non-minimal couplings (4.2) are
Γ
Gµνnµnν ,
Γ
Gµανβnµnνγ
α′
α γ
β′
β . (4.5)
The 3 + 1 decomposition shows that these terms do not
have either £nKµν or £nκ
α
µν as explicitly shown in Ap-
pendix A. Therefore, even if (4.2) are included, the La-
grangian still consists of
t, N, γµν ,Kµν , κ
α
µν , Dµ , (4.6)
and then the theory is free from the Ostrogradsky ghost.
We thus conclude that the Lagrangian,
L = M
2
pl
2
Γ
R+ f2
Γ
Gµν
Γ
∇µφ
Γ
∇νφ
+ f3
Γ
Gµανβ
Γ
∇µφ
Γ
∇νφ
Γ
∇α
Γ
∇βφ+ Lφ , (4.7)
does not contain £nA∗ even after integrating out κ: the
theory is a trivially U-degenerate theory.
B. U-degenerate theories via conformal and
disformal transformations
We then consider theories whose Lagrangian explicitly
contain £nA∗ after integrating out κ but £nA∗ is degen-
erate and then free from the Ostrogradsky ghost. The de-
generacy of the kinetic matrix indicates that the kinetic
matrix has zero eigenvalues and corresponding eigenvec-
tors. Hence, appropriately choosing the basic variables,
the kinetic matrix may be block diagonalized and decom-
posed into the zero matrix and a non-degenerate matrix.
In the frame of the block diagonalization, the theory is
trivially degenerate. Conversely, we can generate a de-
generate theory from a trivially degenerate theory via a
change of the variables. This was actually used to derive
beyond Horndeski theories (degenerate theories) from the
Horndeski theory (a trivially degenerate theory) [10] (see
also [47]).
We thus take field redefinitions to generate more gen-
eral ghost-free theories from (4.7). We note that the La-
grangian does not contain any derivatives of the metric
when regarding that the metric and the connection are
independent variables. Therefore, the transformation of
the metric with keeping the connection gives just an al-
gebraic change in the metric-affine formalism. Let us
consider a conformal transformation,
gµν → g¯µν = Ω2gµν , (4.8)
where Ω is a function of φ and its n-th derivatives. The
theory (4.7) is then transformed into
4 For simplicity, we do not consider either torsion or non-metricity
couplings in this paper. Since the torsion and the non-metricity
do not contain derivatives of the distortion tensor, it is expected
that these couplings do not drastically change the structure of
the theories and do not lead to the Ostrogradsky ghost.
6√−g¯L|gµν→g¯µν =
√−g
[
M2pl
2
Ω2
Γ
R+ f¯2
Γ
Gµν
Γ
∇µφ
Γ
∇νφ+Ω−2f¯3
Γ
Gµανβ
Γ
∇µφ
Γ
∇νφ
Γ
∇α
Γ
∇βφ+Ω4L¯φ
]
, (4.9)
where the functions with a bar are the functions of the
seed Lagrangian (4.7), f¯2 = f¯2(g¯, φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ) =
f¯2(Ω
2g, φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ) and so on.
Although the change of the variables must not increase
or decrease the number of degrees of freedom as long as
the transformation is invertible and matter fields are not
introduced, the ghost may appear when we consider an
additional matter field ψ (see e.g., [48, 49]). For instance,
(4.9) with a minimal matter coupling
√−g
[
M2pl
2
Ω2
Γ
R+ · · ·+ Lm(g,Γ, ψ)
]
, (4.10)
is equivalent to (4.7) with a non-minimal coupling
√−g¯
[
M2pl
2
Γ
R+ · · ·+Ω−4Lm(Ω−2g¯,Γ, ψ)
]
. (4.11)
The simplest “matter coupling” is coupling to the cos-
mological constant
Lm = −M2plΛ , (4.12)
which yields the term
−Ω−4M2plΛ (4.13)
in the Lagrangian (4.11). If Ω contains £nA∗, the theory
(4.11) with just a constant term (4.12) is no longer ghost-
free. Hence, the conformal factor Ω is usually assumed
to be a function up to the first derivative of φ. How-
ever, we have already shown that any functions with up
to second-order covariant derivative of φ do not contain
£nA∗ in the unitary gauge if the function is projective
invariant. The conformal factor can include the second-
order derivatives when it does not contain the second-
order time derivative.
We thus assume that Ω is projective invariant and is
given by
Ω = Ω(g, φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ) (4.14)
in order that the non-minimal couplings do not yield the
Ostrogradsky ghost even after adding a matter field. In
particular, the term obtained from the cosmological con-
stant (4.12) is absorbed into the definition of Lφ. As a
result, the conformal transformation generates a degen-
erate Lagrangian
f1
Γ
R+ f2
Γ
Gµν
Γ
∇µφ
Γ
∇νφ+ f3
Γ
Gµανβ
Γ
∇µφ
Γ
∇νφ
Γ
∇α
Γ
∇βφ+ Lφ ,
(4.15)
with four arbitrary functions f1, f2, f3,Lφ where
f1 =
M2pl
2
Ω2 , f2 = f¯2 , f3 = f¯3Ω
−2 , Lφ = Ω4L¯φ .
(4.16)
As discussed in the beginning of this section, the non-
minimal coupling to the Ricci curvature may yield £nA∗
after integrating out κ; however, since the Lagrangian is
degenerate, (4.15) is free from the Ostrogradsky ghost as
long as the unitary gauge can be imposed.
One may further consider a general transformation [10]
gµν → g¯µν = Ω−2(gµν + Γµν) , (4.17)
where Γµν is a symmetric and projective invariant tensor
constructed by gµν , φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ. Furthermore, gµν is
assumed to be non-degenerate. We define the transfor-
mation of the inverse matrix for convenience. Using the
relation
det(g¯µν) =
Ω8
det(δµν + Γ
µ
ν )
det(gµν) , (4.18)
one can straightforwardly calculate the transformed the-
ory from (4.7). Since the general expression is compli-
cated due to the couplings to the Einstein tensor and
the dual Riemann tensor, we just show the case of the
disformal transformation [50]
Γµν = Γ
Γ
∇µφ
Γ
∇νφ , (4.19)
whereas Γ is a scalar function constructed by
gµν , φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ. Due to the fact that the Einstein
tensor and the dual Riemann tensor couplings are given
by the contraction of the Levi-Civita tensor, these cou-
plings do not generate new kind of terms via the disfor-
mal transformation. The only new coupling is obtained
from the Ricci scalar. The U-degenerate Lagrangian of
the transformed theory is thus given by
LUD = f1
Γ
R+ f2
Γ
Gµν
Γ
∇µφ
Γ
∇νφ+ f3
Γ
Gµανβ
Γ
∇µφ
Γ
∇νφ
Γ
∇α
Γ
∇βφ
+ f4
Γ
Rµν
Γ
∇µφ
Γ
∇νφ+ Lφ , (4.20)
with
f1 =
M2plΩ
2
2
√
1 + ΓX
, f2 = f¯2
√
1 + ΓX ,
f3 = Ω
−2f¯3
√
1 + ΓX , f4 =
M2plΩ
2Γ
2
√
1 + ΓX
,
Lφ = Ω4L¯φ
√
1 + ΓX , (4.21)
7where X = gµν
Γ
∇µφ
Γ
∇νφ and
Γ
Rµν =
Γ
Rαµαν . This theory
contains five arbitrary functions f1, f2, f3, f4,Lφ. The
regularity of the transformation imposes that Ω and 1 +
ΓX do not cross zero nor diverge which give restrictions
f1, f1 + f4X 6= 0.
Note that
Γ
Rµν 6=
Γ
Rµαν
α in metric-affine geometry and
the Einstein tensor is
Γ
Gµν =
1
2
(
Γ
Rµν +
Γ
Rµαν
α − gµν
Γ
R
)
. (4.22)
Hence, the Ricci tensor coupling
Γ
Rµν
Γ
∇µφ
Γ
∇νφ cannot be
absorbed into the the couplings to the Ricci scalar and
the Einstein tensor via the redefinitions of the functions.
V. QUADRATIC SCALAR-METRIC-AFFINE
THEORY
We consider a concrete Lagrangian and show the ki-
netic structure after integrating out κ. To explicitly solve
the equation of the connection, we shall focus on up to
the quadratic order of the connection. Then, the most
general quadratic order projective invariant Lagrangian
consisting of the curvature, the scalar field φ, and its
derivatives is
LqPI(g,Γ, φ) = f1
Γ
R+ f2
Γ
Gµν
Γ
∇µφ
Γ
∇νφ+ f4
Γ
Rµν
Γ
∇µφ
Γ
∇νφ+ F2 + F3LgalΓ3 + F4LgalΓ4
+ C1ǫ
µνρσǫµ
′ν′ρ′
σ
Γ
∇µφ
Γ
∇µ′φ
Γ
∇ν
Γ
∇ν′φ
Γ
∇[ρ
Γ
∇ρ′]φ+ C2(LgalΓ3 )2
+ C3(g
µβgνδgαγ − gµνgαγgβδ)∂µφ∂νφ
Γ
∇α
Γ
∇βφ
Γ
∇γ
Γ
∇δφ , (5.1)
where
LgalΓ3 = ǫαβγδǫα
′β′
γδ
Γ
∇αφ
Γ
∇α′φ
Γ
∇β
Γ
∇β′φ , (5.2)
LgalΓ4 = ǫαβγδǫα
′β′γ′
δ
Γ
∇αφ
Γ
∇α′φ
Γ
∇β
Γ
∇β′φ
Γ
∇γ
Γ
∇γ′φ , (5.3)
are the projective invariant Galileon terms and f1, f2, f4, F2, F3, F4, C1, C2, C3 are arbitrary functions of φ and X :=
(∂φ)2. Note that, up to the quadratic order of the connection, the most general scalar-metric-affine theory is a class
of the ghost-free scalar-metric-affine theory (4.20). We also notice that C1 does not appear in the final expression and
can set C1 = 0 without loss of generality [27].
As shown in [27], the quadratic DHOST theory is obtained when C2 = C3 = 0; in this case, all scalar self-interactions
are given by the form of Galileon. On the other hand, in the case C2, C3 6= 0, the Lagrangian is not a class of the
quadratic DHOST. However, we will explicitly show that (5.1) indeed satisfies the degeneracy condition in the unitary
gauge even when C2, C3 6= 0, and (5.1) is equivalent to the quadratic U-degenerate theory.
After integrating out κ from (5.1), we obtain the quadratic U-degenerate Lagrangian
LqU(g, φ) = fR(g) + P +Q1gµνφµν +Q2φµφµνφν +
(
κ1 +
f
X
)
L
(2)
1 +
(
κ2 − f
X
)
L
(2)
2
+
(
2f
X2
− 4fX
X
+ 2σκ1 + 2
[
3σ − 1
X
]
κ2
)
L
(2)
3 +
(
α+
2fX
X
− 2f
X2
− 2κ1
X
)
L
(2)
4
+
(
− α
X
+
2fX
X2
+ κ1
[
1
X2
+ 3σ2 − 2σ
X
]
+ κ2
[
3σ − 1
X
]2)
L
(2)
5 , (5.4)
where
L
(2)
1 = φµνφ
µν , L
(2)
2 = (φ
µ
µ)
2 , L
(2)
3 = φ
µφνφµνφ
ρ
ρ , L
(2)
4 = φµνφ
µφνρφρ , L
(2)
5 = (φ
µφνφµν)
2 . (5.5)
8with the notations φµ = ∇µφ, φµν = ∇µ∇νφ. The functions f, P,Q1, Q2, α, κ1, κ2, σ are given by
f = f1 − f2X
2
, (5.6)
P = F2 +
3X(gφ − 2F ′3X)2
8fg + 4X2[C′3 + 2(F
′
4 − 6C′2X)]
, (5.7)
Q1 = −2fφ + 2g(gφ − 2F
′
3X)
2fg +X2[C′3 + 2(F
′
4 − 6C′2X)]
, (5.8)
Q2 =
2fφ
X
− (gφ − 2F
′
3X)(2g − 3gXX)
X [2fg +X2{C′3 + 2(F ′4 − 6C′2X)}]
, (5.9)
α = −fgX(4g + gXX)− 4fXg(g + 2gXX) + 2C
′
3X(f
2 − 3ffXX + 4f2XX2)
2g2X − C′3fX3
, (5.10)
κ1 = − g
2
fgX − (C′3 − F ′4)X3
, (5.11)
κ2 =
g2(2fg +X2(2F ′4 − 4C′2X − C′3))
X(fg − (C′3 − F ′4)X2)[2fg +X2{C′3 + 2(F ′4 − 6C′2X)}]
, (5.12)
σ =
gX
2g
(5.13)
with
g = f1(f1 + f4X) , F
′
3 = F3(f1 + f4X) , F
′
4 = F4(f1 + f4X)
2 , C′2 = C2(f1 + f4X)
2 , C′3 = C3(f1 + f4X)
2 . (5.14)
In the unitary gauge, the Lagrangian is reduced to
LqU = A2∗Kˆµν,αβ (Kµν − σγµνA∗£nA∗) (Kαβ − σγαβA∗£nA∗)
+ P − (Q1 −A2∗Q2)£nA∗ −A∗(2fφ +Q1)Kµµ + f3R+ (2fX +A2∗α)DµA∗DµA∗ (5.15)
where
Kˆµν,αβ = (κ1γ
µ(αγβ)ν + κ2γ
µνγαβ) . (5.16)
We should emphasize that the cases f1 = 0 and
f1 + f4X = 0 cannot be reduced to the Lagrangian
(4.7) via regular conformal/disformal transformations.
The dynamical degrees of freedom may not be three in
these cases. Indeed, the kinetic structure (5.15) shows
that the case g = 0 (which is the case when f1 = 0 or
f1+ f4X = 0) leads to a totally degenerate theory where
there are no dynamical degrees of freedom.
We can also see that the cases σ = 0 (gX = 0) give
trivially U-degenerate theories. Because of the relation
Q1 +XQ2 = gX · 3X(gφ − 2F
′
3X)
2fg +X2[C′3 + 2(F
′
4 − 6C′2X)]
,
(5.17)
the unitary gauge Lagrangian (5.15) does not contain
£nA∗ if gX = 0. This confirms the discussion done in
Section IV: (4.7) describes a trivially U-degenerate the-
ory while (4.20) include U-degenerate theories.
VI. CONCLUDING REMARKS
In this paper, we discussed the possibility that the
Ostrogradsky ghost-free property of scalar-tensor the-
ories are guaranteed by symmetry and show that the
projective symmetry could be an important ingredient
for ghost-free theories. The projective transformation,
which causes a shift of the affine connection, is defined
in metric-affine geometry where the metric and the con-
nection are independent. We call scalar-tensor theories
in the metric-affine geometry scalar-metric-affine theo-
ries since their independent variables are not only the
scalar field and the metric but also the affine connection.
We consider two classes of the projective invariant scalar-
metric-affine theories: theories without non-minimal cou-
pling to the curvature and theories with. In the former
theories, we have shown that theories whose Lagrangian
is constructed by up to second-order covariant deriva-
tives are free from the Ostrogradsky ghost when the La-
grangian enjoys the projective symmetry and the unitary
gauge can be imposed. In the latter case, although we
9have not been able to conclude that general projective
invariant scalar-metric-affine theories are ghost free, we
found that a wide class of theories are free from the ghost.
The general ghost-free Lagrangian, which we found, con-
tains five arbitrary scalar functions consisting of up to
second-order derivatives of the scalar field5.
It would be worth emphasizing that the theories
discussed in the present paper satisfy the degeneracy
conditions at least in the unitary gauge while scalar-
metric-affine theories constructed by Galileon type self-
interactions satisfy the degeneracy conditions in any
gauge (at least up to quartic Galileon) [27]. If one im-
poses to satisfy the degeneracy conditions in arbitrary
gauge, another restriction on the Lagrangian in addition
to the projective symmetry, such as the weakly broken
Galileon symmetry [19, 20], should be required.
We have also shown the explicit relation between
the quadratic order scalar-metric-affine theories and the
quadratic U-degenerate theories. This reveals that the
quadratic U-degenerate theories have the hidden projec-
tive symmetry which cannot be seen after integrating out
the connection. Furthermore, this explicit relation would
be useful for phenomenology. The metric-affine (Palatini)
formalism of gravity have gained increasing attention in
the highlight of constructing inflation models since the
metric and the metric-affine (Palatini) formalisms com-
pute different results and thus observations of inflation
can potentially reveal what the fundamental variables of
gravity are [46, 51–73]. In this context, theories which
can have the Einstein frame have been mainly analyzed
because the equation of the connection becomes simple in
the Einstein frame. Instead, we have already solved the
equation of the connection to obtain (5.4). One can an-
alyze the phenomenology of the quadratic scalar-metric-
affine theories by using the scalar-tensor theories without
solving the equation of the connection.
In summary, we have highlighted the importance of the
projective symmetry for ghost-free theories. In particu-
lar, theories without non-minimal couplings to gravity
are guaranteed to be free from the ghost by the pro-
jective symmetry. It would be thus interesting to dis-
cuss whether the ghost-free structure is protected by the
symmetry even in more general theories including compli-
cated non-minimal couplings to the curvature as well as
higher curvature terms. Recently, the paper [74] showed
the projective symmetry is required to make f(
Γ
Rµν) the-
ories ghost-free which also suggests the importance of the
projective symmetry. We may come back to the issue of
clarifying further relations between the symmetry and
the ghost-free property in generic theories in the future.
5 In Appendix A, we will discuss the existence of a more general
ghost-free scalar-metric-affine theory.
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Appendix A: Hamiltonian analysis of
scalar-metric-affine theories
1. 3 + 1 decomposition of the curvature tensors
Here, we summarize the 3+1 decomposed metric-affine
Riemann curvature tensor by using the distortion tensor.
We first define the 3 + 1 decomposed components of the
distortion tensor as follows:
κ∗ := καβγn
αnβnγ , (A1)
κˆ1µ := καβγn
αnβγγµ , (A2)
κˆ2µ := καβγn
αγβµn
γ , (A3)
κˆ3µ := καβγγ
α
µn
βnγ , (A4)
κˆ1µν := καβγn
αγβµγ
γ
ν , (A5)
κˆ2µν := καβγγ
α
µn
βγγν , (A6)
κˆ3µν := καβγγ
α
µγ
β
ν n
γ , (A7)
κˆµνρ := καβγγ
α
µγ
β
ν γ
γ
ρ , (A8)
Under the projective transformation, κµνρ → κµνρ +
gµνUρ, the 3+1 decomposed components are transformed
as
κ∗ → κ∗ − U∗ , κˆ3µν → κˆ3µν + γµνU∗ ,
κˆ1µ → κˆ1µ − Uˆµ , κˆµνρ → κˆµνρ + γµνUˆρ (A9)
and other components are unchanged where
U∗ := Uαn
α , Uˆµ := Uαγ
α
µ . (A10)
To decompose the Riemann curvature, it is useful to de-
fine the variables,
Γ
K1µν := (
Γ
∇βnα)γαµγβν = Kµν − κˆ1µν , (A11)
Γ
K2µν := (
Γ
∇βnα)γαµγβν = Kµν + κˆ2µν , (A12)
which could be considered as the extrinsic curvature of
metric-affine geometry. Then, all independent compo-
nents of the 3 + 1 decomposed curvature are
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Γ
Rαβγδn
αnβnγγδρ = £nκˆ
1
ρ −Dρκ∗ − aρκ∗ + aγ(
Γ
K1γρ −
Γ
K2γρ) +
Γ
K1γρκˆ3γ +
Γ
K2γρκˆ2γ , (A13)
Γ
Rαβγδn
αγβµn
γγδρ = −£n
Γ
K1µρ −Dρκˆ2µ +
Γ
K1αρKαµ − aακˆαµρ − aµκˆ1ρ − aρκˆ2µ +
Γ
K1µρκ∗ +
Γ
K1αρκˆ3αµ + κˆ1ρκˆ2µ + κˆαµρκˆ2α
(A14)
Γ
Rαβγδγ
α
µn
βnγγδρ = £n
Γ
K2µρ −Dρκˆ3µ −
Γ
K2αρKαµ − aακˆµαρ − aµκˆ1ρ − aρκˆ3µ +
Γ
K2µρκ∗ +
Γ
K2αρκˆ3µα − κˆ1ρκˆ3µ − κˆµαρκˆ3α ,
(A15)
Γ
Rαβγδγ
α
µγ
β
ν n
γγδρ = £nκˆµνρ −Dρκˆ3µν − 2D[µKν]ρ − aµ(Kνρ −
Γ
K1νρ) + aν(Kµρ −
Γ
K2µρ)− aρκˆ3µν
+ (κˆ3µ
α −Kµα)κˆανρ − (κˆ3αν +Kαν)κˆµαρ +
Γ
K1νρκˆ3µ +
Γ
K2µρκˆ2ν , (A16)
Γ
Rαβγδn
αnβγγργ
δ
σ = 2D[ρκˆ
1
σ] − 2
Γ
K1γ [ρ
Γ
K2|γ|σ] , (A17)
Γ
Rαβγδn
αγβµγ
γ
ργ
δ
σ = −2D[ρ
Γ
K1|µ|σ] − 2
Γ
K1µ[ρκˆ1σ] − 2
Γ
K1α[ρκˆ|αµ|σ] , (A18)
Γ
Rαβγδγ
α
µn
βγγργ
δ
σ = 2D[ρ
Γ
K2|µ|σ] − 2
Γ
K2µ[ρκˆ1σ] − 2
Γ
K2α[ρκˆ|µα|σ] , (A19)
Γ
Rαβγδγ
α
µγ
β
ν γ
γ
ργ
δ
σ =
Γ
Rµνρσ + 2
Γ
K1ν[σ
Γ
K2|µ|ρ] . (A20)
where
Γ
Rµνρσ := Rµνρσ(γ) + 2D[ρκˆµν|σ] + 2κˆµα[ρκˆαν|σ] (A21)
and Rµνρσ(γ) is the spatial curvature constructed by the spatial metric γµν . We then obtain
Γ
Gµνnµnν =
1
2
(
Γ
Rµνµν +
Γ
K1µµ
Γ
K2µµ −
Γ
K1µν
Γ
K2νµ
)
, (A22)
Γ
Gµανβnµnνγ
α′
α γ
β′
β =
1
2
[
Γ
K1µα′
Γ
K2β′µ +
Γ
K1β′µ
Γ
K2µα
′ −
Γ
K1µµ
Γ
K2β′α′ −
Γ
K1β′α′
Γ
K2µµ +
(
Γ
K1µµ
Γ
K2µµ −
Γ
K1µν
Γ
K2νµ
)
γα
′β′
−
Γ
Rµβ
′µα′ −
Γ
Rβ′µα′µ +
Γ
Rµνµνγα
′β′
]
, (A23)
which show that the couplings (4.2) do not have time derivatives of the distortion tensor in the unitary gauge.
2. Counting the number of degrees of freedom
In the unitary gauge, the second-order derivative of the scalar field is
Γ
∇µ
Γ
∇νφ = nµnν(£nA∗ +A∗κ∗)− nµ(DνA∗ +A∗κˆ2ν)− nν(DµA∗ +A∗κˆ1µ)−A∗
Γ
K1νµ . (A24)
Recall that κ∗ and κˆ
1
µ are projective modes which never appear in the projective invariant functions. We define a new
variable
Vµ := κˆ
2
µ −DµN/N . (A25)
Then, the second-order derivative is expressed by
Γ
∇µ
Γ
∇νφ = −A∗nµVν −A∗
Γ
K1νµ + projective modes , (A26)
which indicates that any projective invariant functions including up to the second-order derivatives are algebraic
functions of t, N, γµν , Vµ,
Γ
K1µν in the unitary gauge.
Here, we consider the Lagrangian
L = Fµνρσ
Γ
Rµνρσ + Lφ , (A27)
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where Fµνρσ and Lφ are constructed by gµν , φ,
Γ
∇µφ,
Γ
∇µ
Γ
∇νφ. Due to the antisymmetric property of the last two indices
of the curvature tensor, the tensor Fµνρσ is assumed to be Fµν(ρσ) = 0 without loss of generality. For simplicity, we
assume Fµνρσ is given the form
Fµνρσ = Fˆµνρσ + F1γ
ν[ρnσ]nµ − F2γµ[ρnσ]nν + Fˆααρσnµnν , (A28)
with F1, F2 6= 0 and Fˆµν(ρσ) = 0 in the unitary gauge. Since the projective transformation of the curvature tensor is
Γ
Rµνρσ →
Γ
Rµνρσ + 2gµν∂[µUν] (A29)
the property gµνF
µνρσ = 0 leads to that the projective invariance of the Lagrangian is guaranteed when Fµνρσ and
Lφ are projective invariant. The functions F1, F2, Fˆµνρσ and Lφ are thus functions of t, N, γµν , Vµ,
Γ
K1µν in the unitary
gauge.
In the unitary gauge, (4.20) is given by
LUD =
[
FˆµνρσUD + f1γ
ν[ρnσ]nµ − (f1 −A2∗f4)γµ[ρnσ]nν
]
Γ
Rµνρσ + Lφ (A30)
with
FˆµνρσUD =
1
2
(2f1 +A
2
∗f2 −A3∗f3
Γ
K1αα)γµ[ργσ]ν + 1
2
A3∗f3
Γ
K1µ[ργσ]ν − 1
2
A3∗f3
Γ
K1ν[ργσ]µ (A31)
Therefore, (4.20) is a subclass of (A27) with (A28). We will show the ghost-freeness of the more general theory (A27)
instead of (4.20) itself.
After taking integration by part, the unitary gauge Lagrangian is given by
NL = N
[
F1γ
µν
£n
Γ
K1µν + F2γµν£n
Γ
K2µν − (F1
Γ
K1µν + F2
Γ
K2µν)Kµν
+ Fˆµνρσ(Rµνρσ + 2DρκPIµνσ + 2κPIµ αρκPIανσ + 2
Γ
K1νσ
Γ
K2µρ)− 2Fˆσσµν
Γ
K1ρµ
Γ
K2ρν
− F1VµκPIµνν − VµDµF1 +D2F1 + κPIµνµDνF2 + F2DµκPIνµν
− (F1
Γ
K1µν − F2
Γ
K2νµ)κPIµν + (DνF2 − F2κPIµνµ)κˆ3ν + Lφ
]
(A32)
where
κPIµνρ := κˆµνρ + γµν κˆ
1
ρ , κ
PI
µν := κˆ
3
µν + γµνκ∗ (A33)
are projective invariant variables. Since F1, F2, Fˆ
µνρσ,Lφ depends only on t, N, γµν , Vµ,
Γ
K1µν , the Lagrangian is linear
in κPIαβ and κˆ
3
µ which act as the Lagrangian multipliers.
Time derivatives of the variables are given by the Lie derivatives with respect to the vector tµ defined by
tµ = Nnµ +Nµ (A34)
where N and Nµ are the lapse and the shift vectors. Introducing the 116 canonical variables
(N, πN ), (N
µ, πµ), (γµν , π
µν), (
Γ
K1µν ,Πµν1 ), (
Γ
K2µν ,Πµν2 ), (κPIµνρ,ΠµνρPI ), (Vµ,Πµ) ,
we have the 70 primary constraints given by
πN ≈ 0 , πµ ≈ 0 , ΠµνρPI ≈ 0 , Πα ≈ 0 ,
Πµν1 −
√
γF1γ
µν ≈ 0 , Πµν2 −
√
γF2γ
µν ≈ 0 ,
πµν +
√
γ
2
(F1
Γ
K1(µν) + F2
Γ
K2(µν)) ≈ 0 , (A35)
and
F1
Γ
K1µν − F2
Γ
K2νµ ≈ 0 , DνF2 − F2κPIµνµ ≈ 0 , (A36)
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where the last two constraints are obtained because of the existence of the Lagrangian multipliers κPIµν and κˆ
3
µ. Due
to the constraints Πµν1 −
√
γF1γ
µν ≈ 0 and Πµν2 −
√
γF2γ
µν ≈ 0, the functions F1 and F2 can be replaced with
Π˜1 := γµνΠ
µν
1 /
√
γ and Π˜2 := γµνΠ
µν
2 /
√
γ by redefining the Lagrangian multipliers. The total Hamiltonian is thus
Htot =
∫
d3x
(HV + λµπµ +NµHµ + λIΦI) , (A37)
with
HV = −N√γ
[
Fˆµνρσ(Rµνρσ + 2DρκPIµνσ + 2κPIµ αρκPIανσ + 2
Γ
K1νσ
Γ
K2µρ)− 2Fˆσσµν
Γ
K1ρµ
Γ
K2ρν
− 1
3
Π˜1Vµκ
PIµν
ν − 1
3
VµD
µΠ˜1 +
1
3
D2Π˜1 +
1
3
κPIµνµDνΠ˜2 +
1
3
Π˜2Dµκ
PIνµ
ν + Lφ
]
, (A38)
and
Hµ(x) = δ
δNµ(x)
∫
d3yPA(y)£NQA(y) , (A39)
where £N is the Lie derivative with respect to the shift, and QA and P
A are the sets of the canonical variables,
QA = {N, γµν ,
Γ
K1µν ,
Γ
K2µν , κPIµνρ, Vµ} and PA = {πN , πµν ,Πµν1 ,Πµν2 ,ΠµνρPI ,Πµ}. ΦI and λI are the sets of the 67
primary constraints and the associated Lagrangian multipliers explicitly given by
λIΦ
I = λNπN + λ
PI
µνρΠ
µνρ
PI + λ
V
µΠ
µ + λ1µν(Π
µν
1 −
√
γF1γ
µν) + λ2µν(Π
µν
2 −
√
γF2γ
µν)
+ λµν
[
πµν +
√
γ
6
(Π˜1
Γ
K1(µν) + Π˜2
Γ
K2(µν))
]
+
1
3
√
γλµνκ (Π˜1
Γ
K1µν − Π˜2
Γ
K2νµ) +
1
3
√
γλνκ(DνΠ˜2 − Π˜2κPIµνµ) , (A40)
where we have introduced
λµνκ = Nκ
PIµν , λµκ = −Nκˆ3µ , (A41)
in order to emphasize that these two variables are just the Lagrangian multipliers.
The time preservation of πµ ≈ 0 leads to the momentum constraint Hµ ≈ 0 which are surely first class due to the
existence of the spatial diffeomorphism invariance. The time preservations of the other constraints yield
d
dt
ΦI(t, x) ≈
∫
d3yλJ(y)MIJ (t, x, y) + {ΦI(t, x),
∫
d3yHV (t, y)}+ ∂
∂t
ΦI(t, x) ≈ 0 . (A42)
where
MIJ := {ΦI(t, x),ΦJ (t, y)} (A43)
If MIJ has zero eigenvalues, some of the Lagrangian multipliers are undetermined and then the preservations of the
primary constraints generate the secondary constraints when d
dt
ΦI ≈ 0 are not trivially satisfied.
To explicitly discuss how many secondary constraints are obtained from d
dt
ΦI ≈ 0, we first consider a simple case
Fˆµνρσ = Fˆ γµ[ργν|σ] (A44)
with F1, F2, Fˆ = constant. In this case, the 31 components of the Lagrangian multipliers,
λN , λ
µ
κ, F1λ
1
[µν] − F2λ2[µν], λPIµνρ −
1
3
γµρλ
PI
σν
σ (A45)
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are undetermined and there exist the following 31 secondary constraints:
d
dt
πN ≈ Lφ +N ∂Lφ
∂N
− F1V ακPIαββ
+ Fˆ
( ΓK1αα ΓK2ββ − ΓK1αβ ΓK2βα +R(γ)− κPIαβγκPIβγα +DακPIαββ) ≈ 0 , (A46)
d
dt
Πµ ≈ N
(
∂Lφ
∂Vµ
− F1κPIµαα
)
≈ 0 , (A47)
1
F1
d
dt
Π
[µν]
1 −
1
F2
d
dt
Π
[µν]
2 ≈ −N

2Fˆ
F2
Γ
K1[µν] − 1
F1
∂Lφ
∂
Γ
K1[µν]

 ≈ 0 , (A48)
d
dt
(
Πµνρ − 1
3
γµρΠανα
)
≈ −NF1V µγνρ −NFˆκPIνρµ −NFˆκPIρµν − Fˆ γνρDµN
+
1
3
γµρ
(
NF1V
ν +NFˆκPIα
αν +NFˆκPIναα + FˆD
νN
)
≈ 0 . (A49)
whose set is denoted by Ψi ≈ 0. As a result, the number of phase space degrees of freedom is
≤ 116− 6× 2︸ ︷︷ ︸
piµ≈0,Hµ≈0
− 67︸︷︷︸
ΦI≈0
− 31︸︷︷︸
Ψi≈0
= 6 . (A50)
which is sufficient to conclude that the Lagrangian is free from the Ostrogradsky ghost mode6.
For generic functions of F1, F2, Fˆ
µνρσ , the expressions become quite complicated. Nonetheless, the structure of the
constraints are not so changed. Indeed, we confirm that the Lagrangian multipliers
λN , λ
µ
κ, F1λ
1
[µν] − F2λ2[µν], λPIµνρ −
1
3
γµρλ
PI
σν
σ (A51)
are undetermined while others are determined even for the generic cases. Eqs. (A46)-(A49) become
d
dt
πN ≈ ∂F1
∂N
λ1αα +
∂F2
∂N
λ2αα + · · · ≈ 0 , (A52)
d
dt
Πµ ≈ ∂F1
∂Vµ
λ1αα +
∂F2
∂Vµ
λ2αα + · · · ≈ 0 , (A53)
1
F1
d
dt
Π
[µν]
1 −
1
F2
d
dt
Π
[µν]
2 ≈
1
F1
∂F1
∂
Γ
K1[µν]
λ1αα +
1
F1
∂F2
∂
Γ
K1[µν]
λ2αα + · · · ≈ 0 , (A54)
d
dt
(
Πµνρ − 1
3
γµρΠανα
)
≈ · · · ≈ 0 (A55)
where · · · stands for the terms not including the La-
grangian multipliers. Since λ1αα and λ
2α
α are deter-
mined by the other components of d
dt
ΦI ≈ 0, Eqs. (A52)-
(A55) also give the 31 secondary constraints as with the
previous example. Therefore, the Lagrangian (A27) with
(A28) has at most 6 degree of freedom in the phase space
and then free from the Ostrogradsky ghost.
6 There could be a first class constraint in ΦI ≈ 0,Ψi ≈ 0 or a
tertiary constraint from d
dt
Ψ ≈ 0 depending on the Lagrangian
which give further reductions of the number of degrees of free-
dom. The resultant theory would be a class of the minimally
modified gravity theories [49, 75] or the cuscuton theories [76–
78]. However, we do not discuss whether such additional reduc-
tions exist and only focus on the fact the the Lagrangian is free
from the Ostrogradsky ghost.
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